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Abstract:

In this paper we have obtained a set of formulae of generating functions Lauricella’s FA , Horn’s H 4> Saran’s
FE and FG , Pandey’s GB and Exton’s KlO in terms of Exton’s quadruple hypergeometric functions

Ke, Ky, K, K3, Kig and associated with quadruple function Dy .
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INTRODUCTION:

In 1971, 1972, 1973, 1976, 1984, Exton was the first famous mathematician who studied on
certain hypergeometric differential system, certain hypergeometric functions of four variables,
some integral representations and transformations of hypergeometric functions of four
variables, on certain hypergeometric differen system Il, multiple hypergeometric functions and
applications and hypergeometric partial differential system of third order respectively (see [1-

7]).

In 1992 and 1993, Mathai defined Jacobians of matrix transformations | and hypergeometric
functions of several matrix arguments (see [8-9]). Many works dealing with transformation

formulae for Exton’s quadruple hypergeometric functions and their associated properties has
been done (see [10]-[24]). Similarly, in 1984, Srivastava and Manocha (see [25]) defined the
following generating function

i[f +g}((”—)9§$?g (a) x? = (E:fj(l—x)” ®, [—f 11+ e;a,ﬂl} (1)

9=0 g 1+€+f)g X —

Where f is positive integer, éﬁ?g (a) and ¢, denotes generalized Laguerre polynomials and

Humbert’s functions.

In 1920, Humbert (see [26]) defined seven functions and some of which are the limiting form
of Appell’s functions and they are as follows:-
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S e

The Saran functions (see [25]) are defined as follows:

i f+g+k (ﬂ)f (j/)g+{{ af bg Cﬁ'

F, ik aaa,B;/;/rswabc 25
s Fe Lo (1), (s)y(w), flgtsl

1 1
Wherej+(k2+x2j:1, ®

= r f g A
F: F[aaaﬁyrswwabc Z f+g+/('8) (7)9()4a_b ¢’

1T (S)f(w)w f1 gl e’
Where j+k=1=j+X 9)
e (@) (B, (7)., (1), a' bo ¢
Ry Felan BBy, viswuab,cl= on ORCRO) %a%
(W), (u), I g! /!
(1-j)A-k)=x (10)
S )gw(}/)fw(r)g af bg CV
F, [aﬂﬂ7 J/Swwabc fgz;‘o (s)g(w)gM Faﬁ,
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j+x=1=k (11)
> a r S f W A
F:Fy[a By.rsrwuuabc]= > (@) (£), (7). (1), )g.a_.b_.c_,
570 (w), (u),., f1r gl e
(1-j)k+(1-k)x=0 (12)

In 1963, Pandey (see [10]) transformed the integral representations of F. and F; into two
interesting hypergeometric series which is similar to Horn’s type (see [27]-[29])

GA[a,ﬂ,y;r;a,b,C]z Zw: (a)gﬂfff(ﬂ)fﬂg(}/)g a' b ¢

f,9.0=0 (r)gM_f Faﬁ
g+/(—f (13)
it provides a generalization of Appell’s function F, and Horn’s function G, and G, ; and
S o f g /
GB[alﬂliﬁZ’ﬁ3;r;a,b,c]: Z ( )g+/:7f (ﬁl)f (IBZ)Q (ﬂfﬂ)/a_b_c_ (14)
f,9./=0 (r)g+tf'—f fl g! /!

it provides the generalization of Appell’s function F, and Horn function G, .

The Horn’s function (see [27-29]) are shown as follows:

2 (@)1, (B); (7),(F), @' b°

H,[a B.7.r;58,b]= > © g

f,g=0

(j+1)k=1 (15)

4j=(k-1)’ (16)
H . . b _ c ( )2f+g a-f bg

R N T
4la| <1 (17)

the positive quantities jand k are the associated radii of absolute convergence of the double

Fourier series i B; ,a'b® where |a|< j and |b|<k.
f,g=0
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Now, replace aby ak , multiplying by e *k“"'¢, [B;€,,e,;bk,ck] and then integrating term by
term with respect to k between the limits 0 to oo in (1) we have

w9

LR [a,a.a,—f -0, B, B+ €,e,6,;a,b,c]x° =

Jekkal(e ?gj(l— X) " &, [Brene,;bk, ck]y, {—f ,— 11+ e;ak,jx—_ﬂ dk

0
where F. and £, denotes the equation (8) and equation (6) respectively.

Thus by hypothesis,
[k, [ 8.0 €550k, bk ]y, [ 17,73 13 8k, Xk Jdk =
0

['(a)K[a,a,a,a;B,8.7.,7.:8.6,1.1;ab,c,X] (18)
where K, is Exton’s quadruple hypergeometric function which is defined as follows:

Ko[a.a,a,a; B, B, 71, 75:€.,8,,1,1;8,b,¢,X] =

i (a)t+f+g+//‘(ﬁl)t+f (71)9(72)[ a' bf c? X’
t,f,q,/=0

PrRrTEr T (19)
(&), (&) ()., th figh 2
then it takes the form
z('u)g Fela,a,a;-f —9,8, 81+ .e,8,;a,b,c]x° =
g=0 gl
(1-x) K, {a,a,a,a;ﬂ,ﬂ,—f —u;€,8,,1+ €1+ gb,c, a,x_a} (20)
again replace a by ak,
multiplying by e ™*k“™, F, (8,:1;;bk) . F, (B,;1,; xk) and integrating term in (1) then
[(a)Ky[a,a,a,a; B, B, By B 7. 7.6, 58,b,¢,X] (21)

K,; is Exton’s quadruple hypergeometric function (see [1]-[7]) defined by

K13[ala’aya;ﬁlyﬂzaﬂgaﬁ;;;}/y}/!n_yrz;albacl X]
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_ ¢ @i, (B)(B) (B),(B), & b' ¢ X
_t,f;_o (), (r), gl (22)

thus we have

i(";)g Ry [ —f—0,8,B,1+er1,1,;8,b,c]x

9=0
=(1-x) " Ky {a,a,a,a;—f B Bl €4+ 6,11, a’x;axl’ b,C} (23)

where F is define by equation (13).

Also, replace x by xk , multiplying by w, [ ., B,;7,;bk,ck] in (1) then
Ie_k-ka_ll//z [ﬁl'ﬁZ;yl; ak, bk]-'/’z [ﬁs’ﬂ4;72;Ck’ Xk]dk =
0

F(a) Ky [05,a,a,a;ﬂl,ﬂz,ﬂg,ﬂ4;]/l,7/2.]/z;a,b,C, X] (24)
where K,, is Exton function (see [1-7]) defined by

Kpla.a,a,a; B B Bo Bui 710 Var Vs @, 0,6 X =

0 (@)rige (B)(B) (By)y (Br), at b @ x’
t,f;j—o (7/1)“[ (72 )g+/; FFEF (25)

thus after calculation, we get

where F; is defined by equation (9).

[a,a,0,— =0, B, Bil+ €,7,,7,;a,b,c]x* =

12[a,a,a,a,—f,u,ﬂ3,,84;l+ €1+ e;a,%,b,c} (26)

With the help of the result of author [25], we may easily write

U904 0) (b) 0

= (e +1)g

(61 +1)f e’ (].—)()767f N é/z ‘:61 +f+Le+l, = +L% %—:| (27)
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where x < (0,1).

Replace x by xk and y by yk, multiplying by e k“™"&,[f;7.7,:ck xk] and then
integrating, we get

i) l+e
) ”g Kola.a,a,a; B, 5,,—9.—f —0;7.7,.1+ €1+ ¢, x,a,b]x* =

R (g +1), (1-%)

- “’M

E[Bir 720k %, 8] 52[61” +Le+le +L—,— (28)

Where K, is Exton’s function (see [1]-[7]) which is defined as follows:

Ky, [a,a,a,a;ﬂ, B.r;s,wu,v,a,b,c, x]=

® t+f+g+‘ (ﬂ)t+f (7)g(r), a bf Cg X/;
; (s )t(w)f(u)g (v), KIS g' " (29)
thus

J.e_k-ka_l-é/z [ﬁ1;71’72;ak’bk]-§2 [ﬁ2;73'74;0k’ Xk]dk =
0

F(a) Ks [a'a’a’a;ﬂl’ﬁyﬂz;?/l’?/z'?/s'ﬂ;a’b’C'X] (30)
where K, is Exton function (see [1]-[7]).

In (27), we obtain the following Exton’s functions:

(Lre +1),
TKlO [a’a’ala;ﬂllﬂl;_g_ f _g;}/117/2$1+ €,1+ el;C’X11aab]Xg -
g=0 -

s

C x1
=———K|a,a,a,a; p, B, e+T +Le+f +Ly,y,, e+l e+, ——F,——
(1—b) ‘: 1~ n/s2 1 1 b b

ax b
(1—b><x—1>’<1—b)<x—1>} @

where Exton function (see [1]-[7]) K, is defined as follows:
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Ks[a.a,0.0; B, B Bo: Boi ¥1s Vas Ve Var @,0,C, X] =

i (a)t+f+g+£ (ﬁl)Hf (ﬂz)g+[ a_t E i
t,f,g,/=0 (71)t(72)f -(}/3)9 (74)ﬁ.t!. f!.g!

Case of reducibility:

Xﬁ
= (32)

In equation put e, =e, = £ and with the help of the result of the author [6]:

Fe[a.a.a. 8,777, 7;a,b,c]=

»  be a
(1—b—C) H4|:a’ﬂ’7/,r’(1—b—C)2’1_b_cj|

thus we have

(1_X)# - (/u)g H4 a,—f —g;ﬂ,l+€; bc - a _
= 9! (1-b—c)’ '1-b—c

(1—b—C)a K, [a,a,a,a;ﬂ,ﬂ;—f A4 B, B+ €1+ €b, ¢, a, )(X_—a]} (33)

where H, is Horn function (see [27]-[29]) defined in equation (16).
In equation (24), replace a by 1+ €,r, by S, and with the help of result of [6]:

Klg[l’+]/—1,0£+]/—1,I’+]/—1;ﬂ1,ﬂ2,ﬂ3,ﬂ4;7,}/,r,ﬂ4;a,b,C,X]=

a b C X
1-a’'l-b'1-c'1-x

(1-a)”(1-b)”* (1-¢c) ™ (1-x) " .D, [ﬂl,ﬂz,ﬂs, rl-rl-y, } (34)

thus we have

2 (1) f - A,
gz_(; g!g Fo[nte—f—0,8, 81 en, Biabc]x’ =(1-a)' (L+ax—x)“(1-b) ™"
A, a —ax b ¢
(1-c) 'D{_f'ﬂ’ﬁs’rl’l_rl’l_rl'ej 1—a’1+ax—x'1—b’1—c} (35)
where D, is Exton’s function (see [6]) defined in the following way:
D, [a,B,7.r,5,w;a,b,c,x]=
i (a)t (ﬁ)f (7)9 (r)é‘ (S)g+l—f—t .at.bf .Cg.xé (36)

t,f,g,0=0 t! flglt!
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In equation (26), replace « by € +y, and with the help of the result [6]:
Fe [7/1+7/2 _1171"'72 _1171+72 _:L:Bpﬂz1183;71172173;a’bic]:
(1-a)" (1-b) ™ (1-c) ™

Gﬂ|:1_7/11ﬂ11ﬁ2’ﬁ3'7/2’a_l’b—l’c_l:l (37)

For equation (9), we obtain a following function
3 (#)

S e 1) ey

. .a b ¢ -
G’B|:_E!_f_glﬂS’ﬂA’yZ’a_l’b_l'C_1:|Xg=(1_X)/l

K12|:E+72’E+72'€+72;_f!ﬂ’ﬂs’ﬂ4;1+ €1+ 6;72772;a’ﬂ1!b!c:| (38)
X_

Again in equation (9), arranging proper adjustment of parameters and with the help of result of

[6]:
K12 [71"'72 _117/1"'72 _117/1"'72 _117/1"'72 _Lﬂlaﬁz1ﬂ31ﬂ4;a1bac1 X]:
(1-a) * (1-b) * (1-¢) * (1-x)

D5‘:’Bl’ﬁZ"BS'IBul_]/l,l—}/z; a b C X :|

\ ) , (39)
l1-al-b 1-c 1-X

For Extron function (see [1]-[7]), we obtain a following function:
FG [€+7/2’€+72’€+721_f —g,ﬂ3,ﬂ4;1+6,72,7/2;a,b,C]Xg =
(1—a)f (1+ax—x) " (l—b)fﬂs (1—c)7ﬂ“

a —ax b ¢
D _fa y ) 11_ 1 y ’ ’
{ oo P & T x Tob 1—c}

In equation (26), replace y, by a,e by «—1 and using the help of the result of author [6]:

(40)

K {ﬂﬂ BB o ac ax bc bx }_

(1-a)(1-c)’(1-a)(1-x) (1-b)(1-c) (1-b)(1-x) |

(1-a)" (1-b)" (1-c)* (1-x)"

Kplaa,a,a; B, By, B, By o, o, ;a,b, ¢, X] (41)
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thus after calculation, we obtain

o (4),
2 g
(1—a)f (1+ax—a)™” (1—b)_’33 (1—c)_ﬂ‘

Fela.a,a,—f =9, 8, Bia,a,a;a,b,¢]x8 =

ab ac abx(x—1) abc(x-1)

Kl =T, B, Bia; , : , 42
10 # Py P (1-a)(1-b)'(1-a)(1-c)’ (x—ax-1)(1-b) ' (x—ax-1)(1-c) (42)
where K, is Exton function (see [1]-[7]) defined in the following way:
K[ By, r;w;a,b,¢,x] =
i (a)Hf (ﬁ)Hg (y)f%' iiix_/ (43)
1 gm0 (W)HHW t! f1 gl /!
CONCLUSION:

Exton (see [1]-[7]) studies some properties of the hypergeometric functions of four variables.
The significance of Exton quadruple hypergeometric functions in physical theory becomes
more understandable.

In this note, we obtain a set of generating functions of Lurice 1la’s F,, Saran’s F. and F;,

Horn’s H, Exton’s K,,in terms of quadruple series K., Ky, K, K ;, K, associated with D .
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