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Abstract

The kernel regression estimator is a flexible and widely used nonparametric estimator that estimates a regression
function. Statistical learning appears to be a promising field in which some algorithms resulting from machine
learning are interpreted as statistical methods. Boosting is among the most studied machine learning techniques
in this paper, a new improvement of the kernel density regression estimator is proposed, with a target of producing
smaller estimates of the finite population total. The study was aimed at estimating the finite population total by
incorporating the adaptive boosting technique to the nonparametric regression estimator. A numerical study using
a simulated population was conducted in order to evaluate the performance of the proposed estimator and compare
it with the existing one. The outcome of the proposed estimator is evaluated and presented. The simulation
experiment were very promising; it shows that our modified kernel density estimator performs well in all cases,
then the normal kernel density estimator.

Keywords: Nonparametric Estimation, Kernel Density Estimator, Bias Reduction, Adaboost, Finite, Population
Total

1. INTRODUCTION

In many intricate surveys, the available data regarding the study population can be utilized at
both the design and estimation stages to construct accurate methods for finite population
quantities, such as total or mean population, to increase the precision of estimators for those
population quantities. In a number of statistical problems, nonparametric regression are
commonly used to describe the relationship between the response variable and certain
covariates (Parzen, 1962).

Nonparametric model allows great flexibility since they do not make any assumptions hence
are more powerful in prediction, nonparametric models have higher accuracy than parametric
models hence they perform better. Furthermore, they can fit many kinds of functional form
hence are flexible in nature. The most used approach is kernel smoothing, which dates back to
(Rosenblatt et al., 1956) and (Parzen, 1962).

Many efforts have been devoted to investigating the optimal performance of kernel density
estimator for the finite population totals since it has been the most widely used nonparametric
method in the last several decades. Boosting has received a lot of consideration from
researchers recently. It was first suggested by (Schapire, 1990) and consequently developed by
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(Freund, 1995), (Freund, Schapire, et al., 1996) and (Schapire & Singer, 1999). Boosting was
explored as a way of improving the efficiency of a *weak learner’. There are several boosting
techniques.

In this paper we have considered the adaptive boosting procedure, which was first proposed by
Freund et al. (1996), as a way of producing robust estimator for finite population total with an
aim of producing a robust finite population total, thereby minimizing the bias of the proposed
estimator.

2. KERNEL DENSITY ESTIMATOR (KDE)

The kernel density estimation a non-parametric technique for estimating probability density
(pdf). It is non-parametric because it does not assume any underlying distribution for the
variable. The idea of nonparametric regression goes back to (Nadaraya, 1964) and (Watson,
1964).

Consider x4, X,,...,X, as an independent and identically distributed (iid) sample of n
observations taken from a population P whose probability distribution function f(x) is not
known.

The kernel density estimate f (x) of f(x) is given by;
i) = = ¥, K (2H) (1)

where h > 0 is a smoothing parameter or bandwidth, which controls the degree of smoothness.
K(x) is the kernel function, usually symmetric probability density function (pdf) satisfying
[xKx)dx = 0 (Wand & Jones (1995). If K(x) is Gaussian distribution, then the f(x)
estimated will be smooth and have derivatives of all orders.

The kernel has the following properties according to (Silverman, 1986).
fjooo K(uwdu =1

JZ uK(u)du=0

fjooo u?K(u)du > 0

K(u) = K(=u)

The bias of KDE is given as u,(K)h? f’(x)/2 + 0(h?) which is of order O(h?) and the
variance Var (f (x) = RO 4 o (ﬁ) which is of order O (1/nh).

nh
2.1 Nonparametric regression estimator for finite population total

The nonparametric regression estimation provides a variety of techniques for
estimatingm(x;) = E[Y;|X; = x;]. Forx; = x; for any point in non-sample estimate ofm(x;).
The idea is to obtain nonparametric estimates (x;) forj € r.
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For all the (x;) the estimator of the population total T is

This is true since it is expected that Yey r’r‘l(xj) ~ Yjen Y. Therefore, the estimator of the
finite population total under nonparametric regression becomes;

?np = ZiEsHE + Erﬁi(xj)
= Dies i + 2wV

= E:'Es Y: + Zr‘ WiYi
@)
Where w; = erij
As with model-based estimators (see (Chambers, Dorfman, & Hall, 1992)) generally, this
estimator ignores sampling probabilities (It also ignores stratum boundaries). Except for the

selection of bandwidth, and possible transformation of the auxiliary, it is an automatic
estimator. Tnp Accumulates for non-sample values in the lieu of Y; .

2.2 Adaptive Boosting Technique

Boosting is the process of combining relatively imprecise prediction models to create a more
accurate one. Adaptive boosting procedure is an algorithm proposing the use of machine
learning, which was initially suggested by (Freund et al., 1996). Adaptive Boosting method
employs an iterative method intended to strengthen weak estimators.

3. BOOSTING THE KERNEL DENSITY ESTIMATOR FOR FINITE POPULATION
TOTAL

Consider a finite population of size N of a study variable Y; and the auxiliary variable, X; with
associated values (x;, y;) respectively.

In formulating the model, the dependent variable Y; and the auxiliary variable X; will be
considered as a nonparametric super-population model (linear), which is of the form

i =mx)+e, i = 1,2,...,n (@)

where e; ~ N(0,02%), and m(x;) is the unknown mean function. The smoothing function of
x; will be estimated non-parametrically. The expectation and the covariance of equation 4 are
presented as follows;

E[Yi|X; = x;] = m(x;)
= [y f (xy)oy (5)

O'Z(X'), L=_]l l']
cov[V, Y; X = x,X; = x;] = {0 oltherwise ©
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Consider a finite population total T of size N (Dorfman, 1992), given by
T = Z?’=1 Y, = Z?=1 Yi+ Yier Vi (1)
where s is the sample and r is the non-sample.

Therefore to estimate the finite population total T we have considered taking the expectation
of the non-sampled part.

T=Yiesvi + ECieryi) (8)
Resulting to
= YiesVi T Xier M (X)) )

Since E[Y; |X;] = EQlieryi) = m(xy).

The smoothing function m(x;) will be estimated non-parametrically using adaptive boosting
technique, AdaBoost.

3.1 KDE - AdaBoost for finite population total
Consider the auxiliary variable X; for i = 1,2, ... ,n. At the first step initialize the weights,
that is, equal weight is assigned.

wi (D) = n
The smoothing parameter hy, h,, ..., h,, is then selected. For this study, no procedure was
employed while choosing the bandwidth.

The boosting technique involves the re-weighting of data based on the loss function and so in
the case of the kernel density estimation, such a measure is computed by comparing the first
boosting step with the leave-one-out estimate (Silverman, 1986).

At each step m, the weak estimator is computed as follows;

fn() = Zi, 220 K (2X) (10)

h

where K () is the kernel density function, h is the smoothing parameter and w,,, (i) is the weight
of observation i at m" step and ¥ w,,, (i) = 1.

The weight of each observation is then updated in each step as;

frm (1) }

W1 () = win(D) + log {365 (11)

where f,,(li) (x;) is the leave-one-out kernel density estimator ((Silverman, 1986)) given by;
A1 . _Xi
) () = o i wi (D K (5 (12)

The final output is the product of all the density estimates is given by;
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m=1f m(x) (13)
The proposed boosted estimator therefore becomes
g (x) = XY, fm(x:) (14)

Incorporating the boosted mean function to the nonparametric finite population total, the
proposed regression estimator, under simple random sample without replacement, Ty, 4 is thus
given by

TnpAB = Yies Vi + Xier Map(x;)
1 . —-Xi
= Yies¥i + Bier Vi wm() K (55 (15)

As can be seen from the following, it is expected that T‘np 4p 1S less biased than the conventional
estimator.

3.2  Asymptotic bias of the proposed estimator, TnpAB

By definition, the bias of the proposed estimator is derived as follows;
Bias ( Tupas) = E| Tupas — Tup)

= E[(ZiEs Yl + Zier mAB(xi) ) - (ZiEs Yl + Zier Y] )]
= E[Zliv=n+1 Map(x;) — Zliv=n+1 Y]
The bias therefore becomes

= E[Z?I:rwl Map(x;) — Z?Iznﬂ m(x)] (16)
Therefore, the model equation (2) can be re-written as
Y = map(x;) + [mx;) — m(x) + e (17)
Equating 45 (x;) into the model in equation (14) we have
m() —Xi m() -X, o~

= §V=n+1% K(xh )Yi = Iiv=n+1wnl K(xh ) = Myp (X;)

1 m() —Xi
+ T 22O K () [m(x) - m(x)]

1 W (D) x—X;
+— Yt K (T) e (18)
The equation (18) may be rewritten as

1 m (D) —X; 1 m (D)
== SN R K (SR =3 P O+ my (1) + my(0)] (19)
Where

—

() _Xl o~
M) = Th g 222 K (SR = iiap (X))
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my(0) = = X, 22D k() [m(x) — m(0)]
And

_ 1 N Wm(l) x—X;
mz(x)—ﬁ i=n+17, K_h €

Hence now taking the expectation of equation (19) we have

— 1
E[ §V=n+1 M 4p5(x;) = i=Nn+1 [m(x; + my(x) + my(x)] (20)
But E[e;|x;] = 0. Hence, it then follows that E 7i,(x)] = 0

Therefore, getting the expectation of E [/m; (x) ], letting Z = u_TXl and by Taylor series

expansion we obtain

E [ ()] == f'Gm' (D[ 22K(2)dZ  +(h? fm'(x)[ Z2K(2)dZ +
0(h%)
=2 12 Ky (K) | £/ Gom! () + 5 Fm' ()] (21)

Letting Q(x) = f'(x)m’(x) +% f(x)m’(x). Equation (21) becomes
= =% 12 K,(K)Q() + 0( h*) (22)

Clearly, from the equation (22), the bias of the proposed estimator is of order 0(h*) which is
lower than the bias of the normal kernel density estimator which is of order O(h?), an
indication of reduced bias.

4. DESCRIPTION OF THE POPULATION

The estimation of the finite population total and the corresponding bias was be carried out using
five super-population totals; linear, quadratic, exponential, sine and jump models.

The description of the set of data for the populations is summarized in equations 23, 24, 25, 26
and 27 below. The auxiliary variable for each data set has been collected and incorporated in
the estimators so as to improve on the precision of the estimation since the auxiliary variable
is assumed to contain important information that is necessary for the estimation of the
population total.

We will perform simulation studies to illustrate the performance of the boundary bias robust
estimator for the finite population total. Further, we will investigate the bias of the derived
estimator. 100 values will be generated. For the sake of efficiency, we will assume that the
errors terms are independent and identically distributed, with homogeneous variances, and that
there is only one auxiliary variable x.
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The superpopulation models below were be considered in the study;

Linear model

yvi = 1+ 2(x; — 0.75) + ¢; (23)
Quadratic model

yi =1+ 2(x; — 0.75)% + ¢ (24)
Exponential model

yi = exp{—4x;} + ¢ (25)
Jump model

yi =1+ 2(x; — 0.75) + 025 + ¢ (26)
Sine model

yi = 1+ sin(2nx;) + e (27)

The auxiliary variable is assumed to be distributed uniformly in the interval N[O, 1] and The
error term is defined as a standard normal variable on (0, 1), defined as e; ~ N(0,1). Then,
using the models above (in equations 23 : 27) we will compute the values for the response
variable y.

A random sample of 100 was randomly selected from the generated data through simple
random sampling without replacement.

5. SIMULATIONS

In this work we investigated how well the Adaptive boosting technique performs for two
iterations, l.e m=2. The Tables 1, 2, 3, 4 and 5 and figure 1 below illustrate the behavior of the
proposed finite population total estimator for various super-population models.

Table 1: Finite population total Estimate for linear model

Tnp TnpAB1 TnpABz
n=20 51.60925 43.17438 43.15549
n=35 50.27206 44.79664 4417372
n=50 48.88752 45.47158 44,7088
n=85 46.35591 44.,93168 44,7398
Table 2: Finite population total Estimates for Quadratic model
Tnp TnpAB1 TnpABZ
n=20 1441784 120.2492 120.2031
n=35 140.3838 124.8412 123.1222
n=50 136.458 126.8414 124.7286
n=85 129.0207 125.4413 124.9201
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Table 3: Finite population total Estimates for Exponential model

Tnp TnpA31 TnpABz
n=20 127.3841 126.2486 125.1751
n=35 105.0021 104.6434 104.3088
n=50 80.28447 80.47077 80.63151
n=85 47.62623 47.71608 47.78484

Table 4: Finite population

total Estimates for Jump model

—~

—~

=~

Ty Tvpas, Thpas,
n=20 81.20815 67.54266 67.51416
n=35 79.03095 70.09063 69.11925
n=50 76.78285 71.16759 69.97648
n=85 72.59102 70.33901 70.04221

Table 5: Finite population total Estimates for Sine model

~

~

~

Tnp TnpABl TnpABz
n=20 114.0265 94.15194 94.11835
n=35 110.8455 97.78002 96.43586
n=50 107.5239 99.38051 97.73005
n=85 101.2687 98.34453 97.93547

Clearly, from the above tables, the proposed estimator resulted to better finite population

totals, T‘npABl and T‘npABzfor the five super-population models under study as compared to the

Top-

5.1 Performance of proposed estimator at different population sizes

This paper considered a sample of size 100 which was partitioned, in order to study the
behaviour of the proposed finite population total at different sample sizes. The T,,,45 after

partitioning were as follows;

~

21 Yi + X2 M ap (1)

npAB =

2~ _ V35 65 —

npaB = Dim1 Y+ X721 M 4p(x;)
2~ _ V50 50
Tapap = 2i=1Yi + Xi=1 M ap(x;)

TnpAB = Y2V + X200 moap(x)
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TnpAB = YE Y+ X2 Moap(x)

The figures below illustrate the comparison of the proposed estimator, Ty,4p, after the
application of the AdaBoost. The results, clearly shows that the boosted finite population,
Thpap, outperformes the T‘np. It can be seen that the overall finite population totals of the
suggested estimator remain at their lowest throughout, both on the first and second boosting
for different sample sizes.

FPTforE tial model
FPT for linear model FPT for Quadratic model or Exponential mode|

—T
81
82

0 120

40 60 80

100 110 120 130 140 150 160

T T T T T T T
20 3 40 50 60 70 80 20 v 4 S5 60 70 80

FPT for Sine model FPT for Jump model

TB1
82

/
4 50 60 70 B0 S0 100 110

20 30 40 50 60 70 80

Figure 1: Plot of the Finite population Total for the five population models at different
sample sizes n

It is clearly visible from Figure 1 that the T"np was reducing with increasing n for all the
superpopulation models. However, both Tnpas1 and Tnpas2 Were increasing with increasing n
upto a point, followed by a decrease after n = 50 for linear, Quardratic, jJump and Sine models.
The exponential model resulted into a reducing finite population total throughout.

6. CONCLUSION

From the summary tables and the figures above, it can be seen clearly that the proposed
estimator Tnp ap has a bias of order 0(h* ) which converges faster. Moreover, it results to the
finite population total TnpAB with a very smaller estimator both on first and second boosting
as compared to the normal finite population total, 'Tnp.
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